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Abstract: Nonlinearities inherent in the dynamic system lead the motion response of moored floating 
structure to be non-Gaussian processes, and the short-term motion response prediction based on Rayleigh 
distribution therefore becomes inaccurate. This paper proposes a probability density function (PDF), 
termed as the hybrid Rayleigh and Weibull distribution (HRW), to accurately characterize the probability 
distribution of motion amplitude of moored floating structures. In the HRW model, the Rayleigh 
distribution is adopted to depict wave frequency (WF) motion amplitude, and the Weibull distribution is 
employed to describe low frequency (LF) motion amplitude. Since the probability contribution of WF 
and LF motion amplitude in total motion amplitude depends on the occurrence frequency of WF and LF 
motion amplitude, a weighting factor related to the mean up-crossing rate of WF and LF motion response 
is introduced in the HRW model to combine the Rayleigh and Weibull distribution. The proposed HRW 
model can consider the statistical interference effects of WF and LF motion, and has an advantage of 
characterizing WF and LF motion amplitude simultaneously. To verify the effectiveness of the proposed 
HRW model, a case study for a moored semi-submersible was conducted. Numerical calculation results 
indicate that the proposed HRW model not only yields accurate short-term motion response prediction 
but also has robustness under severe sea states. 
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1. Introduction 
The motion response and mooring line tension are important parameters for floating structure mooring 
system design (Liu and Bergdahl, 1999). However, due to the existence of second-order nonlinear wave 
force and coupling effect between floating vessel and the mooring system, the prediction of integrated 
motion response of the floating structure has to consider responses in two distinct frequency regimes, 
namely wave frequency (WF) and low frequency (LF) at the system resonances (Naess, 1989; Low, 
2010). Since the second-order wave force is a non-Gaussian process and the floating structure coupled 
with mooring system is also a nonlinear system, the WF and LF motion response are both non-Gaussian 
processes (Chang et al., 2017; Lim and Kim, 2018), and this calls for nonstandard methods to accurately 
predict the short-term motion response of moored floating structures.  
To estimate the short-term motion response of a moored floating structure, there are two kinds of 
approaches available, namely the time domain method and the frequency domain method (Low, 2010). 
In the time domain method, the WF and LF motion responses can be simulated simultaneously, and the 
influence of system’s nonlinearity and non-Gaussian excitation on motion response can be taken into 
consideration adequately via the coupled dynamic analysis (Song and Wang, 2019). The short-term 
motion response, which is referred as 1/𝑛th highest expected motion amplitude, can be evaluated from 
the motion response series in a straight forward manner (Kato et al., 1990). The motion responses 
obtained from the time domain method is more accurate than those of frequency domain. Nevertheless, 
the time domain dynamic analysis requires high computational cost, not only because the short-term 
variability contributed from random waves asking for multiple realizations to acquire statistical 
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convergence (Low and Huang, 2017), but also for the simulation duration should last long enough to 
acquire sufficient information concerning the extreme statistics (Low, 2010). Especially for the long-
term response prediction, a large number of short-term sea states involves into the coupled dynamic 
analysis to get the rigorous results, and hence the computational burden increases significantly.  
To reduce the computational effort of time domain method, Naess et al. (2007) proposed an 
extrapolation method based on the Monto Carlo simulation to curtail the requisite quantity of simulation 
data. Sagrilo et al. (2011) further developed a straight forward approach, which can take the statistical 
uncertainly associated with the simulation length into consideration, to determine the short-term motion 
response based on a single time series. Recently, Low and Huang (2017) presented an efficient method 
to estimate the long-term motion response via time domain simulation, in which a subset simulation was 
adopted to tackle the short-term variability and the important sampling technology was used to suppress 
the sampling variability arising from long-term uncertainty. Although several methods have been 
developed to improve the efficiency of time domain method, the time domain method is still very time 
consuming. 
For the frequency domain method, the motion response process is considered as a stationary and 
ergodic random process, and the probability distribution of the motion amplitude can be fitted by a 
specific PDF. The short-term motion response can be easily estimated from the PDF of motion amplitude. 
It is known that the probability distribution of the amplitude associated with a narrow-banded Gaussian 
random process follows Rayleigh distribution (Bendat and Piersol, 2000; Ross, 2000). However, due to 
the existence of second-order wave force and mooring system, the motion response of a moored floating 
structure is a non-Gaussian process (Low and Langley, 2008), and the short-term motion response 
determined from Rayleigh distribution therefore becomes inaccurate and conservative (Park, et al., 2014). 
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Kato et al. (1990) pointed out that the probability distribution of WF motion amplitude can be 
approximated by the Rayleigh distribution, while the probability distribution of LF motion amplitude can 
be represented by the generalized Laguerre polynomials of which the first term was Gamma function 
with three parameters. The short-term motion response can be estimated separately from the Rayleigh 
distribution and Laguerre polynomials in prior and then further be combined together with an empirical 
rule, as the design code suggested by ship classification societies (API, 2005; DNVGL, 2008).  
Furthermore, it should be mentioned that the peaks and valleys of WF and LF motion response almost 
do not occur simultaneously, and a linear combination of the WF and LF motion response is too 
conservative (Grime and Langley, 2008). To combine the WF and LF motion response reasonably, Naess 
et al. (1989) proposed a modified square root of sum of squares (SRSS) combination formula, which can 
consider the correlation between WF and LF motion response, to estimate the short-term motion response, 
but the correlation factor of the SRSS formula was quite difficult to determine. Naess et al. (1994) utilized 
the tail behavior of motion response’s PDFs to obtain the correlation factor with and without considering 
the interference of WF and LF motion response, and Kinoshita and Takase (1995) employed the 
experimental results to determine the correlation factor. 
Actually, the WF and LF motion response are not mutually independent, and the short-term motion 
response estimated from the combination formulae may deviate from the real ones. The short-term 
motion response is recommended to be evaluated based on the PDF of total motion amplitude directly to 
get more accurate results. However, there appears to be fewer studies on the PDF of total motion 
amplitude. Naess et al. (2007) investigated the statistics of total motion responses based on a nonlinear 
motion equation, but this subject is still unsolved owing to its complex nonlinearities. It has been 
confirmed that the frequency domain method is a powerful tool to predict the short-term motion response, 
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but there is not yet a PDF that can accurately depict the probability distribution of total motion amplitude 
of a moored floating structure. 
The primary objective of this paper is to develop a new PDF model to accurately characterize the total 
motion amplitude which can improve the short-term motion response prediction of moored floating 
structures. The newly developed PDF model, named the hybrid Rayleigh and Weibull distribution (HRW), 
is a combination way of the Rayleigh and Weibull distribution. In the new HRW model, the Rayleigh 
distribution is utilized to depict WF motion amplitude, while the two-parameter Weibull distribution is 
employed to represent LF motion amplitude. Because the probability distribution of WF and LF motion 
amplitude in total motion amplitude depends on the occurrence frequency of WF and LF motion 
amplitude, a weighting factor related to the mean up-crossing rate of WF and LF motion response, which 
is identical to the occurrence frequency of WF and LF motion amplitude, is introduced to combine the 
Rayleigh and Weibull distribution. Since the statistical interference effects of WF and LF motion have 
been considered, the HRW model can accurately characterize the WF and LF motion amplitude 
simultaneously, and the short-term motion response evaluated from this model can yield an accurate 
result. In addition, the HRW model can be applicable to different moored floating structures since no 
approximation needed. To this end, the reminder of this paper is organized as follows. In Section 2, the 
preliminaries of short-term motion response prediction are reviewed briefly. Details of the proposed 
HRW model are presented in Section 3. In Section 4, the numerical model and the environmental 
conditions are introduced, and the probability distribution of motion amplitude as well as the short-term 
motion response of a moored SEMI are evaluated and compared in Section 5. Finally, the conclusions 
drawn from this work are summarized in Section 6. 
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2. Preliminaries of short-term motion response prediction 
 This section is devoted to reviewing the preliminaries of short-term motion response prediction, 
including the Gaussian distribution, Rayleigh distribution and the procedure of short-term motion 
response prediction.  
2.1. Gaussian distribution 
 The short-term random wave elevation is usually regarded as a stationary Gaussian process with a 
zero mean, and the PDF of the random wave elevation can be fitted by the Gaussian distribution which 
is parameterized in terms of mean value 𝜇 and standard deviation σ of the random process. The PDF 
of a Gaussian distribution can be given as 
𝑝(𝑥) =
1
√2𝜋𝜎
𝑒𝑥𝑝 (−
(𝑥−𝜇)2
2𝜎2
)                             (1) 
where 𝑥  is the variable of wave elevation. In probability theory and statistics, the shape and the 
asymmetry of a probability distribution is usually characterized by the parameters of kurtosis 𝐾 and 
skewness 𝑆, and they have the following expression. 
𝐾(𝑥) =
𝜇4
𝜎4
=
𝐸[(𝑥−𝜇)4]
(𝐸[(𝑥−𝜇)2])2
                               (2) 
𝑆(𝑥) =
𝜇3
𝜎3
=
𝐸[(𝑥−𝜇)3]
(𝐸[(𝑥−𝜇)2])3/2
                              (3) 
where 𝜇3  and 𝜇4  are the third and fourth central moments of random process, respectively. For 
Gaussian process, the kurtosis and skewness are identical to 3.0 and 0.0, respectively. The process whose 
kurtosis is not equal to 3.0 or skewness is not identical to 0.0 is referred as a non-Gaussian process, and 
the deviation level of the non-Gaussian process from a Gaussian law can be revealed by the kurtosis and 
skewness. 
2.2. Rayleigh distribution 
  Generally, the PDF of the amplitude associated with a narrow-banded Gaussian random process 
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follows the Rayleigh distribution, and its PDF can be expressed as Eq. (4) (Bendat and Piersol, 2000; 
Ross, 2000). 
𝑝(𝑦) =
𝑦
𝜎2
𝑒𝑥𝑝 (−
𝑦2
2𝜎2
)                              (4) 
where 𝑦 is the amplitude variable; 𝜎 is the standard deviation of the random process. 
2.3. Weibull distribution  
 The long-term distribution of motion response or stress range of the offshore structure is usually 
assumed to follow the two-parameter Weibull distribution. The PDF of Weibull distribution can be given 
as (Wang, 2010; Castellares and Lemonte, 2015) 
𝑝(𝑦) = 𝑎𝑏𝑦𝑏−1exp⁡(−𝑎𝑦𝑏)                           (5) 
where 𝑦 is the amplitude variable; 𝑎 and 𝑏 are respectively the scale and shape parameters, and they 
can be determined from the mean value 𝜇 and standard deviation value 𝜎 of the statistics as expressed 
in Eq. (6). 
{
𝜇 = 𝑎−
1
𝑏 ∙ Γ(1 +
1
𝑏
)
𝜎2 = 𝑎−
2
𝑏 ∙ [Γ (1 +
2
𝑏
) − Γ2(1 +
1
𝑏
)]
                      (6) 
2.4. Short-term motion response prediction 
 In frequency domain, the short-term motion response, which is usually referred as the 1/𝑛th highest 
expected motion amplitude, can be evaluated from the following formula (Kato S, et al., 1990) 
?̅?1/𝑛 =
∫ 𝑦𝑝(𝑦)𝑑𝑦
∞
𝑦1
𝑛×100%
∫ 𝑝(𝑦)𝑑𝑦
∞
𝑦1
𝑛×100%
= 𝑛 ∫ 𝑦𝑝(𝑦)𝑑𝑦
∞
𝑦1
𝑛×100%
                     (7) 
where 𝑝(𝑦) is the PDF of motion amplitude; 𝑦1
𝑛
×100%
 is the motion amplitude with the exceedance 
probability of 
1
𝑛
× 100%, and it can be determined based on Eq. (8). 
∫ 𝑝(𝑦)𝑑𝑦
∞
𝑦1
𝑛×100%
=
1
𝑛
× 100%                            (8) 
If 𝑝(𝑦) is fitted by the Rayleigh distribution, there exists analytical solution for 𝑦1
𝑛
×100%
, and yields 
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𝑦1
𝑛
×100%
= √2𝜎2 ln( 𝑛 × 100%)                          (9) 
If 𝑝(𝑦) follows other kind of probability distribution, 𝑦1
𝑛
×100%
 can be determined numerically. 
 The standard deviation 𝜎 used to parameterize the PDF of motion amplitude can be determined from 
the motion response spectrum 𝑆𝑥(𝜔), and it can be given as 
𝜎 = √𝑚0 = √∫ 𝜔0
∞
0
𝑆𝑥(𝜔)𝑑𝜔                           (10)  
In time domain, the motion amplitude can be firstly extracted from the motion response process via 
the zero up-crossing algorithm, and then are sorted in a descending order. The 1/𝑛th highest expected 
motion amplitude ?̅?1/𝑛𝑠 is equal to the mean value of the first 1/𝑛th of motion amplitude, and yields 
?̅?1/𝑛𝑠 =
𝑛
𝑁
∑ 𝑦𝑠𝑖
𝑁
𝑛
𝑖=1
                                (11) 
where 𝑁 is the number of motion amplitude extracted from the motion response process, and 𝑦𝑠𝑖 is the 
𝑖th motion amplitude in the motion amplitude series.  
3. The novel hybrid Rayleigh and Weibull distribution  
 As illustrated in Fig. 1, one special feature in moored floating structures is the co-existence of the first 
order WF motion and the second order LF resonant response. The LF motion response is usually of large 
amplitude motion with the resonance period in order of minutes. The standard deviation of total motion 
response 𝜎𝑊𝐹+𝐿𝐹  is much larger than that of WF motion response 𝜎𝑊𝐹 ⁡due to the existence of LF 
motion response, and the large standard deviation makes the maximum of Rayleigh distribution shifting 
to larger motion amplitude, as illustrated in Fig. 2.  
The Rayleigh distribution parameterized with the standard deviation of WF motion response 𝜎𝑊𝐹 
seems agree well with the histogram of WF motion amplitude (see Fig. 2 (a)), but it significantly 
underestimates the probability of LF motion amplitude (see Fig. 2 (b)). However, the Rayleigh 
distribution parameterized with the standard deviation of total motion response 𝜎𝑊𝐹+𝐿𝐹  not only 
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significantly underestimates the probability of WF motion amplitude, but also overestimates the 
probability of LF motion amplitude remarkably (see Fig. 2 (b)). Therefore, the Rayleigh distribution with 
the standard deviation of WF or total motion response cannot accurately characterize the total motion 
amplitude of moored floating structures.  
 
Fig. 1 Sketch diagram of total motion response and the PDFs of motion amplitude 
 
Fig. 2 Rayleigh distribution with standard deviation of WF and total motion response 
 It is known that the Rayleigh distribution parameterized with the standard deviation of WF motion 
response 𝜎𝑊𝐹 can fit the WF motion amplitude reasonably (see Fig. 1 (b) and Fig. 2 (a)). In addition, 
one finds that the Weibull distribution characterized with the standard deviation of LF motion response 
(a) 
(b) (c) (d) 
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𝜎𝐿𝐹 can depict the LF motion amplitude accurately (see Fig.1(d)). Therefore, a combination of Rayleigh 
and Weibull distribution can be used to describe the total motion amplitude reasonably. It should be kept 
in mind that the WF and LF motion response are not mutually independent (Kato, 1990), and the 
statistical interference effects of WF and LF motion response should be taken into consideration in the 
combination formula.  
 It should be noted that the mean period of LF motion response is much larger than that of WF motion 
response. Therefore, the occurrence frequency of LF motion amplitude is much smaller than that of WF 
motion amplitude within a certain duration, and hence the probability of LF motion amplitude is much 
smaller than that of WF motion amplitude, as illustrated in Fig. 2. This indicates that the probability 
contribution of the WF and LF motion amplitude in total motion amplitude depends on the occurrence 
frequency of WF and LF motion amplitude. Generally, the occurrence frequency of WF and LF motion 
amplitude is identical to the mean up-crossing frequency of WF and LF motion response. Therefore, the 
occurrence frequency of WF and LF motion amplitude within a duration 𝑇 can be given as 
𝑁𝑊𝐹 = 𝑣0𝑊𝐹𝑇                                 (12) 
𝑁𝐿𝐹 = 𝑣0𝐿𝐹𝑇                                  (13) 
where 𝑣0𝑊𝐹 and 𝑣0𝐿𝐹 are the mean up-crossing rate of WF and LF motion response, respectively. They 
can be determined based on the spectral moments of motion response, and yield 
𝑣0𝑊𝐹 =
1
2𝜋
√
𝑚2𝑊𝐹
𝑚0𝑊𝐹
                               (14) 
𝑣0𝐿𝐹 =
1
2𝜋
√
𝑚2𝐿𝐹
𝑚0𝐿𝐹
                                (15) 
where 𝑚0𝑊𝐹 and 𝑚2𝑊𝐹 are the zeroth and second order spectral moments of WF motion response, 
respectively. 𝑚0𝐿𝐹 and 𝑚2𝐿𝐹 are the zeroth and second order spectral moments of LF motion response, 
respectively.  
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 The occurrence frequency of total motion amplitude within a duration 𝑇 can be obtained by summing 
the occurrence frequency of WF and LF motion amplitude, and it can be given as 
𝑁𝐿𝐹+𝑊𝐹 = 𝑁𝐿𝐹 + 𝑁𝑊𝐹 = (𝑣0𝐿𝐹 + 𝑣0𝑊𝐹)𝑇                    (16) 
The probability contribution of WF and LF motion amplitude in total motion amplitude can be 
characterized by the ratio of occurrence frequency of WF and LF motion amplitude to the occurrence 
frequency of total motion amplitude, and yield 
𝑅𝑊𝐹 =
𝑣0𝑊𝐹
𝑣0𝑊𝐹+𝑣0𝐿𝐹
                               (17) 
𝑅𝐿𝐹 =
𝑣0𝐿𝐹
𝑣0𝑊𝐹+𝑣0𝐿𝐹
                               (18) 
where 𝑅𝑊𝐹 and 𝑅𝐿𝐹 are the probability contributions of WF and LF motion amplitude in total motion 
amplitude, respectively. 
The statistical interference of WF and LF motion amplitude is closely related to the probability 
contribution of WF and LF motion amplitude in total motion amplitude, and it can be characterized with 
the occurrence frequency of WF and LF motion amplitude. In this paper, a weighting factor related to 
the mean up-crossing rate of WF and LF motion response is introduced to consider the statistical 
interference of WF and LF motion response, and it can be given as 
𝑤 =
𝑣0𝑊𝐹
𝑣0𝑊𝐹+𝑣0𝐿𝐹
                                 (19) 
  Then the Rayleigh and Weibull distribution, which are respectively adopted to characterize the WF 
and LF motion amplitudes, can be combined together with the weighting factor to depict the total motion 
amplitude. The combination distribution proposed in this paper is named as hybrid Rayleigh and Weibull 
distribution (HRW), and the PDF of the HRW model has the following formulae 
𝑝(𝑦) = 𝑤
𝑦
𝜎𝑊𝐹
2 exp (−
𝑦2
2𝜎𝑊𝐹
2 ) + (1 − 𝑤)𝑎𝑏𝑦
𝑏−1exp⁡(−𝑎𝑦𝑏)               (20) 
{
𝑎 =
1
2𝜎𝐿𝐹
2
𝑏 = 2.0
                                   (21) 
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where 𝑤 is the weighting factor which can be determined from the spectral moments of WF and LF 
motion response directly; 𝜎𝑊𝐹  and 𝜎𝐿𝐹  are the standard deviation of WF and LF motion response, 
respectively. 𝑎 and 𝑏 are the scale and shape parameters of Weibull distribution. 
 It should be mentioned that the weighting factor will approach to 1.0 as the LF motion response 
becomes trivial, and the HRW model will turn into the Rayleigh distribution. In addition, the Rayleigh 
and Weibull distribution are both continuous probability distribution for nonnegative valued continuous 
variables. The weighting factor adopted to combine the Rayleigh and Weibull distribution is a constant 
value for a certain moored floating structure and input sea state. There is no break point nor jump point 
in the PDF of the proposed HRW model for motion amplitude variable 𝑦, and hence the PDF of the 
proposed HRW model is a continuous function for the motion amplitude variable 𝑦. Furthermore, the 
cumulative distribution function (CDF) of the proposed HRW model can be obtained by linearly 
summing the CDF of Rayleigh and Weibull distribution, and yields 
𝐹(𝑦) = 𝑤 (1 − exp⁡(−
𝑦2
2𝜎𝑊𝐹
2 )) + (1 − 𝑤)(1 − exp(−𝑎𝑦
𝑏))           (22) 
The CDF of the proposed HRW model is also a continuous function for motion amplitude variable 𝑦. 
Since the statistical interference effects of WF and LF motion response have been incorporated into 
the HRW model, it is capable of accurately characterizing the WF and LF motion amplitude 
simultaneously. Furthermore, the HRW model may be applicable to different moored floating structures 
as no approximation needed. 
4. Numerical model and environmental condition 
4.1. Numerical model 
 In this study, a floating SEMI coupled with mooring system is demonstrated in the numerical example 
to fully investigate the validity of the proposed HRW model. As illustrated in Fig. 3 (a), the SEMI features 
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four large individual columns and two large pontoons. The total length of the SEMI is 114.07 m and the 
breadth is 79 m. The operation draft of SEMI is about 18 m and the total displacement is about 52,275 
metric tons. The main particulars of the SEMI are summarized in Table 1. 
The SEMI is assumed to work at sea with depth of 1000 m, and positioned with 12 chain-wire rope-
chain lines grouped in four bundles, each with three mooring lines. The centerlines of the mooring groups 
are 90 degrees apart, and the separation angle between the mooring lines in each bundle is 5 degrees, as 
presented in Fig. 3 (b). Table 2 provides the main particulars of the mooring lines. The coupled dynamic 
analysis is performed in the commercial software SESAM. The heading is defined as counter clockwise 
starting from the positive 𝑥-axis and the random wave propagates along⁡𝑥-axis. The simulation duration 
is 3 hours with time step of 0.1 s. 
  
Fig. 3 Sketch of the SEMI: (a) Panel model (b) Coupled dynamic analysis model 
Table 1 Main particulars of SEMI 
Description Value Description Value 
Column width (m) 17.384 Pontoon length (m) 114.070 
Column height (m) 21.464 Pontoon width (m) 20.120 
Corner radius (m) 4.000 Pontoon height (m) 8.544 
Operating draft (m) 18.000 Corner radius (m) 1.500 
Freeboard (m) 20.600 Roll radius of gyration (m) 29.640 
Vertical of COG (m) 24.000 Pitch radius of gyration (m) 33.570 
(a) (b) 
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Total displacement (t) 52,275 Yaw radius of gyration (m) 32.290 
 
Table 2 Main particulars of mooring line 
Item Platform chain Wire rope Anchor chain 
Length (m) 200 1200 600 
Diameter (m) 0.147 0.273 0.147 
Wet density (kg/m) 360.47 57.58 360.47 
Axial stiffness (kN/m) 1821633 8424862 1821633 
Mini-breaking loads (kN) 18880 47203 18880 
4.2. Environmental condition 
  To fully investigate the effectiveness of the proposed HRW model, three different sea states, namely 
benign, moderate and harsh sea state, are adopted. The wave parameters of these three sea states, 
including the significant wave height 𝐻𝑠 and the mean up-crossing period 𝑇𝑧 are listed in Table 3. In 
this study, the JONSWAP spectrum is adopted to characterize the energy distribution of input sea state 
(DNVGL, 2014), and the energy distributions of these three sea states are presented in Fig. 4. 
Table 3 Wave parameters of the selected sea states 
Description Significant wave height 𝐻𝑠 (m) Up-crossing period 𝑇𝑧 (s) 
Benign sea state 1.5 7.5 
Moderate sea state 3.5 8.5 
Harsh sea state 13.5 14.5 
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Fig. 4 The wave power spectral density of the selected sea states 
5. Results and discussion 
  The particular concern of mooring system design is the motion response and mooring line tension of 
the floating system. The motion response of a moored SEMI in surge, sway and yaw degree-of-freedoms 
(DOFs) is the combination of WF and LF motion response due to the resonance of the system, and the 
motion amplitude in these DOFs is much larger than that in heave, roll and pitch DOFs. In addition, the 
SEMI and mooring system adopted in this study is symmetrical about both the 𝑥- and y- axis, and the 
motion response in surge direction under the head seas is similar to the motion response in sway direction 
under the beam sea.  
The aim of this study is to investigate the probability distribution of the motion response with bimodal 
and non-Gaussian characteristics, and the attention is focused on the surge motion response under 
heading seas. In this section, the non-Gaussian characteristics of the motion response processes are firstly 
investigated, and the PDF as well as the exceedance probability of motion amplitude is further estimated 
and compared. Finally, the 1/10th and 1/3th highest expected motion amplitude evaluated from four 
different kinds of methods are compared and analyzed.  
5.1. Non-Gaussian characteristics of the motion response processes 
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  To fully investigate the non-Gaussian characteristics of motion response processes, the total motion 
response of the moored SEMI is decomposed into the WF and LF components via the filter algorithm 
adopted in the SESAM software (DNVGL Software, 2010). In the numerical study, the water depth is 
set to 1000m, and the input sea states are the benign, moderate and harsh sea states, respectively. The 
PDFs of WF, LF and total motion response processes associated with different input sea states are 
illustrated in Fig. 5, where Fig. 5 (a)-(c), Fig. 5 (d)-(f) and Fig. 5 (g)-(i) are the PDFs of WF, LF and total 
motion response processes, respectively. In these figures, the blue bars are the histogram estimated from 
the motion response processes, and the solid lines represent the Gaussian distribution parameterized with 
the standard deviation of motion response process.  
 
Fig. 5 PDFs of motion response processes under benign, moderate and harsh sea states 
17 
 
It is observed that the PDFs of WL and LF motion response processes show similar characteristics for 
different input sea states although the WF and LF motion amplitude increases significantly as the input 
sea states increases (see abscissa axis of Fig.5). From Fig. 5 (a)-(c), one can find that the PDF of WF 
motion response process is generally symmetrical about its mean value, and the Gaussian distribution 
agrees well with the statistical results when the motion response lies in [−3𝜎, 3𝜎]. However, from the 
subfigure of Fig. 5 (a)-(c), one can also find that the Gaussian distribution is much smaller than the 
statistical results in the tail of the PDF. Different from the PDF of WF motion, the PDF of LF motion 
response process is obviously a skewed distribution, and the PDF drops to zero quickly for the negative 
motion response process, while it has a long tail for the positive motion response process. The Rayleigh 
distribution, which is used to depict the amplitude’s probability distribution with symmetrical 
characteristic, will underestimate the probability of valleys of LF motion response significantly, while it 
will overestimate the probability of peaks of LF motion response remarkably.  
 The kurtosis and skewness of the WF motion response processes under the benign, moderate and harsh 
sea states are 3.723, 3.767, 3.492 and 0.105, 0.100, -0.007, respectively. While the kurtosis and skewness 
of the LF motion response processes associated with the benign, moderate and harsh sea states are 5.013, 
4.429, 4.431 and 1.151, 1.005, 1.076, respectively. Referring to Eqs. (2) and (3), the WF motion response 
can be regarded as a weak non-Gaussian process, while the LF motion response can be referred as a 
strong non-Gaussian process. In such case, the total motion response, which is the summation of WF and 
LF motion response, is also a non-Gaussian process. The kurtosis and skewness of the total motion 
response under benign, moderate and harsh sea states are 4.971, 4.394, 3.782 and 1.134, 0.990, 0.706, 
which is slightly smaller than that of LF motion response but much larger than that of WF motion 
response. 
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 Furthermore, another noteworthy observation is that the PDF of total motion response process under 
harsh sea state is closer to the Gaussian distribution compared to the results associated with benign and 
moderate sea states, which is different from the conventional cognition. It should be noted that the 
contribution ratio of WF motion response to total motion response varies with the input sea states. The 
standard deviation of the total and LF motion response associated with benign, moderate and harsh sea 
states are 0.790 m, 2.560 m, 5.417 m and 0.087 m, 0.229 m and 2.599 m, respectively. Using the 
parameter 𝛾 = 𝑚0𝑊𝐹/(𝑚0𝑊𝐹+𝐿𝐹) (𝑚0𝑊𝐹 ⁡and 𝑚0𝑊𝐹+𝐿𝐹 are the zeroth order spectral moments of WF 
and total motion response, and they are identical to the square of corresponding standard deviation) to 
quantify the contribution of WF motion response to total motion response, the parameter 𝛾 associated 
with benign, moderate and harsh sea state are identical to 0.012, 0.014 and 0.230, respectively. Therefore, 
the contribution of WF motion response to total motion response under the harsh sea state is much larger 
than that associated with benign and moderate sea states. In addition, the PDF of WF motion response 
can be approximately estimated by Gaussian distribution reasonably, and hence the PDF of total motion 
response under harsh sea state is closer to the Gaussian distribution. 
5.2. Probability distribution of the motion amplitude 
 The short-term motion response of a moored SEMI can be evaluated from the PDF and exceedance 
probability of motion amplitude. Due to the existence of LF motion response, the Rayleigh distribution, 
which is usually adopted to depict the WF motion amplitude, cannot accurately characterize the total 
motion amplitude. To fully investigate the PDF of total motion amplitude and also to validate the 
effectiveness of the proposed HRW model, the moored SEMI is assumed to work at sea with water depth 
of 1000m, and the dynamic analysis of the moored SEMI under benign, moderate and harsh sea states 
are conducted. The power spectrum density (PSD) of floater’s WF and LF motion response for different 
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input sea states is presented in Fig. 6. To quantify the bandwidth of PSD, the bandwidth parameters 
𝜆𝑊𝐹 = √
𝑚0𝑊𝐹𝑚2𝑊𝐹
𝑚1𝑊𝐹
2 − 1 and 𝜆𝐿𝐹 = √
𝑚0𝐿𝐹𝑚2𝐿𝐹
𝑚1𝐿𝐹
2 − 1 of WF and LF motion response recommended by 
Longuet-Higgins (1957) are evaluated and provided in the figure. According to the results of Longuet-
Higgins’s research, the spectrum with bandwidth parameter smaller than 0.5 can be referred as the 
narrow-banded spectrum. From the figure, one can find that the bandwidth parameters of floater’s WF 
and LF motion response PSD under different input sea states are all less than 0.5, and hence the WF and 
LF motion response of the floater can be regarded as the narrow-banded response processes.  
 
Fig. 6 PSDs of WF and LF motion responses for different input sea states 
The PDFs of total motion amplitude associated with different input sea states are summarized in Fig. 
7. For clearly illustrating the discrepancies of probability distribution represented by the PDFs and the 
statistical results, the up panels of the figures are presented with linear coordinate (see Fig. 7 (a)-(c)), 
while the low panels of the figures are presented with logarithmic coordinate (see Fig. 7 (d)-(f)). It should 
be mentioned that the value in the figure represented by the linear and logarithmic coordinate is identical.  
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Fig. 7 PDFs of motion amplitude associated with different input sea states 
There are four features worthy of attention in this figure. First, the motion amplitude increases 
significantly as the input sea state increases (see the abscissa axis of Fig. 7). This indicates that the input 
sea state has significant influence on the motion amplitude. Second, the probability of small motion 
amplitude, which mainly comes from WF motion response, is much larger than that of large motion 
amplitude, which mainly contributed from LF motion response, and the PDF of total motion amplitude 
has a long tail, as illustrated in Fig. 7 (a)-(c). The reason is that the probability contribution of WF and 
LF motion amplitude in total motion amplitude depends on the occurrence frequency of WF and LF 
motion amplitude. Generally, the mean period of WF motion response is about 5s to 20s, while the mean 
period of LF motion response is usually larger than 60s. For a simulation duration 𝑇, the occurrence 
frequency of WF motion amplitude is much larger than that of LF motion amplitude, and hence the 
probability of small motion amplitude is much larger than that of large motion amplitude.  
Third, the Rayleigh and Weibull distribution show poor agreement with the statistical results, and both 
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of them underestimate the probabilities of small motion amplitude and overestimate the probabilities of 
large motion amplitude significantly. This is because the Rayleigh distribution, which can fit the WF 
motion amplitude reasonably, is parameterized in terms of the standard deviation of motion response, 
and it will reach to its maximum when the amplitude variable is identical to the standard deviation. The 
standard deviation of total motion response is much larger than that of WF motion response due to the 
resonant response of LF motion, and the large standard deviation makes the maximum of Rayleigh 
distribution shifting to larger motion amplitude (see Fig. 2). Therefore, the probability of small motion 
amplitude which mainly comes from WF motion response is significantly underestimated by Rayleigh 
distribution. In addition, the probability of large motion amplitude contributed from LF motion response 
is very small due to the large resonance period of LF motion response, and the probability of large motion 
amplitude will be overestimated by Rayleigh distribution.  
Since the Rayleigh distribution is a special form of Weibull distribution, the Weibull distribution has 
the similar variation trend with the Rayleigh distribution. It should be mentioned that the small motion 
amplitude is closely related to the fatigue damage of mooring line, and underestimation the probability 
of small motion amplitude may result in a non-conservative fatigue assessment. While the large motion 
amplitude is directly related to the extreme motion response, and the overestimation the probability of 
large motion amplitude may lead to the conservative extreme motion prediction.  
The most important feature is that the proposed HRW model is in reasonable agreement with the 
statistical results. This indicates that the Rayleigh distribution characterized with standard deviation of 
WF motion response 𝜎𝑊𝐹 can accurately depict the WF motion amplitude, and the Weibull distribution 
characterized with the standard deviation of LF motion response 𝜎𝐿𝐹 can approximately describe the 
LF motion amplitude. Although some discrepancies between the proposed HRW model and the statistical 
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results have been observed, the proposed HRW model yields the most accurate and slightly conservative 
prediction of the probability of total motion amplitude among these three PDFs. In contrast with the 
single Rayleigh and Weibull distributions, the proposed HRW model can accurately characterize the 
probability of WF and LF motion amplitude simultaneously. Furthermore, the proposed HRW model can 
remain considerable accuracy for different input sea states. This indicates that the proposed HRW model 
is robust to the input sea states, and it may be applicable to different moored floating structures.  
5.3. Exceedance probability of the motion amplitude 
 To predict the short-term motion response, the exceedance probability distribution of motion 
amplitude is required (Lim, et al., 2017). The exceedance probability of motion amplitude is the 
probability of motion amplitude exceeding a certain level, and it can be evaluated based on the PDF of 
motion amplitude. In this study, the exceedance probability of motion amplitude associated with benign, 
moderate and harsh sea states are analyzed, and the results are illustrated in Fig. 8. Similar to Fig. 7, the 
up panels of the figures are presented with linear ordinate (see Fig. 8 (a)-(c)), and the low panels of the 
figures are presented with logarithmic ordinate (see Fig. 8 (e)-(f)). The value in the figure represented by 
the linear and logarithmic coordinate is identical. 
From Fig. 8, one can find that the exceedance probabilities of motion amplitude show similar 
characteristics for benign and moderate sea states, but it shows different characteristics for harsh sea state. 
It is observed that the tail of exceedance probability of motion amplitude under harsh sea state is much 
shorter than that associated with benign and moderate sea states. From Section 5.1, one can find that the 
contribution of LF motion response to total motion response under harsh sea state is much smaller than 
that under benign and moderate sea states. Therefore, the probability of large motion amplitude 
contributed from LF motion response becomes smaller, and hence the tail of exceedance probability 
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becomes shorter. 
 
Fig. 8 Exceedance probabilities of motion amplitude associated with different input sea states 
 In addition, the exceedance probability associated with Rayleigh and Weibull distribution show poor 
agreement with the statistical results. For a specific exceedance probability level, the motion amplitude 
determined from Weibull distribution is much larger than that resulted from Rayleigh distribution, and 
they are both larger than the statistical results. It is noteworthy that the exceedance probability of motion 
amplitude associated with the proposed HRW model is almost identical to the statistical results, and this 
is despite the discrepancies observed between the probability of motion amplitude resulted from HRW 
model and the statistical results. One can deduce that the short-term motion response evaluated based on 
the proposed HRW model may be very close to the real ones. 
5.4. Short-term motion response prediction 
 To further validate the effectiveness of the proposed HRW model, the short-term motion responses, 
including the 1/10th and 1/3th highest expected motion amplitude, are evaluated and compared. In 
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this study, there are four different methods adopted to estimate the short-term motion response. The first 
one is the method adopted in SESAM software. In this method, motion response spectrum used to 
determine the parameter of motion amplitude’s PDF is obtained based on the motion transfer function 
(MTF) together with the input wave spectrum, and the short-term motion response is evaluated based on 
the Rayleigh distribution. This method is referred as MTF based method in this study. It should be 
mentioned that the motion response spectrum obtained based on MTF and wave spectrum cannot capture 
the resonance and nonlinearity characteristics of the floating system, and short-term motion response 
determined from this method may deviate from the real ones significantly. The second and third methods 
are the Rayleigh distribution based method and the HRW model based method. In these methods, the 
motion response spectrum is obtained from motion response process directly, and the short-term motion 
responses are evaluated based on the Rayleigh distribution and the HRW model, respectively. The fourth 
method is the time domain method where the short-term motion response is directly evaluated from 
motion response process according to Eq. (11), and the results determined from this method is referred 
as statistical results. 
 In this study, the short-term motion responses evaluated from the MTF based method, Rayleigh 
distribution based method and HRW model based method are referred as the predicted results. To clearly 
illustrate the discrepancies of short-term motion response between the predicted and statistical results, 
the predicted results are normalized to the statistical results, and the percentage deviation of predicted 
and statistical results are also given (𝐷𝑖𝑓𝑓 = (?̅?1 𝑛⁄ 𝑝 − ?̅?1 𝑛⁄ 𝑠)/?̅?1 𝑛⁄ 𝑠 ∙ 100%; ?̅?1 𝑛⁄ 𝑝  and ?̅?1 𝑛⁄ 𝑠  are 
prediction and statistical results, respectively). It is worth noting that the prediction method will 
overestimate the short-term motion response if the percentage deviation is larger than zero, while the 
prediction method will underestimate the short-term motion response if the percentage deviation is 
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smaller than zero. The 1/10th and 1/3th highest expected motion amplitude of the moored SEMI 
and the percentage deviation are illustrated in Fig. 9. In the figure, the predicted results are represented 
by the bars with different colors, while the statistical results are denoted by the dash lines. 
  
Fig. 9 The 1/10th and 1/3th highest expected motion amplitude 
From the figure, one can find that the 1/10th  and 1/3th  highest expected motion amplitudes 
evaluated from these four methods show similar characteristics for different input sea states. For the 
1/10th highest expected motion amplitudes case, the motion amplitudes evaluated from MTF based 
method is much smaller than the statistical results which is determined from the motion response 
processes directly. The reason is that the MTF based method uses the MTF and input wave spectrum to 
characterize the motion response spectrum, which cannot capture the resonance characteristics of the 
system, and the standard deviation determined from the motion response spectrum is much smaller than 
the real one. In addition, the MTF based method utilized Rayleigh distribution to depict total motion 
amplitude. The probability of large motion amplitude is underestimated significantly compared with the 
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statistical results (see Fig. 2), and hence the 1/10th  highest expected motion amplitudes, which is 
closely related to the probability of large motion amplitude, is significantly underestimated. The 
underestimation level can reach to 75% for benign and moderate sea states and it reduces to 17% for 
harsh sea state. 
On the contrary, the motion amplitudes determined from Rayleigh distribution based method is much 
larger than the statistical results. This is because the Rayleigh distribution parameterized with the 
standard deviation of total motion response assigns smaller probability to small motion amplitude, and 
assigns larger probability to large motion amplitude (see Fig. 7). So the 1/10th highest expected motion 
amplitudes, which is closely related to probability of large motion amplitude, will be overestimated 
significantly. The overestimation level is about 140% and 110% for benign and moderate sea states and 
it reduces to 79% for harsh sea state.  
In addition, it should be noted that the percentage deviation of MTF based method and Rayleigh 
distribution based method are both decreases as the input sea states increases. The reason is that the 
contribution of WF motion response to total motion response increases as the input sea state increases, 
and the PDF of total motion amplitude is closer to the Rayleigh distribution. Therefore, the 1/10th 
highest expected motion amplitudes evaluated based on Rayleigh distribution is closer to the statistical 
results.  
 In contrast with the results of MTF based method and Rayleigh distribution based method, motion 
amplitudes evaluated based on the proposed HRW model is very closer to but slightly larger than the 
statistical results. The largest difference percentage between the predicted results and the statistics results 
is not larger than 7% for all the studied cases. This indicates that the proposed HRW model is not only 
accurate but also has robustness to input sea states. It should be mentioned that the statistical results 
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determined from the motion response process contains uncertainty due to the limited simulation duration, 
and some large amplitude motion may not occur in the limited simulation duration (see the histogram of 
motion amplitude presented in Fig. 7). Therefore, the difference deviation of the predicted results and 
the statistical results will become smaller after considering the statistical uncertainly associated with 
simulation length. 
 For the 1/3 th highest expected motion amplitude case, the MTF based method significantly 
underestimates the motion amplitude compared to the statistical results, and the underestimation level 
decreases as the input sea state increases. While the Rayleigh distribution based method overestimates 
the motion amplitude remarkably, and the largest percentage deviation of predicted results and statistical 
result is about 343%. One can also find that the proposed HRW model can yield significantly accurate 
but slightly conservative predicted results, and the largest overestimation level is not larger than 10% for 
all the studied cases.  
  After a careful comparison between 1/10th and 1/3th highest expected motion amplitudes, one can 
find that the percentage deviation of the 1/3th highest expected motion amplitude between statistical 
results and the predicted results evaluated from MTF based method is about 20% smaller than that of the 
1/10 th highest expected motion amplitude. While the percentage deviation of the 1/3 th highest 
expected motion amplitude between the statistical results and the predicted results estimated from 
Rayleigh distribution based method is about 200% larger than that associated with the 1/10th highest 
expected motion amplitude. However, the percentage deviation of 1/3 th highest expected motion 
amplitude between the statistical results and the predicted results evaluated from the proposed HRW 
model is very close to that associated with the 1/10th highest expected motion amplitude. This means 
that the proposed HRW model can maintain its accuracy for short-term motion response prediction with 
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different exceedance probability. 
   Referring to the comparison results, one can find that the proposed HRW model can accurately 
characterize the WF and LF motion amplitude simultaneously, and it yields accurate and slightly 
conservative short-term motion response prediction. In addition, the proposed HRW model has 
robustness under severe sea states. It may be a powerful tool in the preliminary design of mooring system.  
6. Conclusions 
 In this paper, a novel PDF, named as hybrid Rayleigh and Weibull distribution (HRW), is proposed to 
accurately characterize the probability distribution of motion amplitude, which can be used to improve 
the short-term motion response prediction of moored floating structures. The proposed HRW model 
utilizes the Rayleigh distribution to depict the WF motion amplitude, while employs the two-parameter 
Weibull distribution to approximate the LF motion amplitude. A key feature of the proposed HRW model 
is that a weighting factor related to the mean up-crossing rate of WF and LF motion response is 
introduced to weight the probability contribution of WF and LF motion amplitude in total motion 
amplitude. In contrast with the widely used PDFs, the proposed HRW model can consider the statistical 
interference effects of WF and LF motion response, and it is capable of characterizing the WF and LF 
motion amplitude simultaneously. The effectiveness of the proposed HRW model has been numerically 
verified via a SEMI coupled with mooring system. According to the study of this paper, some conclusion 
can be drawn as follows:  
 (1) Both the Rayleigh and Weibull distribution underestimate the probability of small motion 
amplitude significantly and overestimate the probability of large motion amplitude remarkably. The 
short-term motion response evaluated from the Rayleigh distribution based method is much larger than 
the statistical results. 
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(2) The proposed HRW model is in reasonable agreement with the histogram of motion amplitude, 
and it can yield accurate and slightly conservative short-term motion response prediction. In addition, 
the proposed HRW model is robust to input sea states, and it can be a powerful tool for mooring system 
design in preliminary design stage.  
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